Introduction
The algebra of noncommutative symmetric functions Sym, introduced in 4], is the free associative algebra (over some eld of characteristic zero) generated by an in nite sequence (S n ) n 1 of noncommuting indeterminates (corresponding to the complete symmetric functions), endowed with some extra structure imitated from the usual algebra of commutative symmetric functions.
Noncommutative symmetric functions have already been used in di erent contexts. They provided for instance a simple and uni ed approach to several topics such as noncommutative continued fractions, Pad e approximants and various generalizations of the characteristic polynomial of noncommutative matrices arising in the study of enveloping algebras and their quantum analogues (cf. 4] and 11]). Moreover they gave a new point of view towards the classical connections between the free Lie algebra and Solomon's descent algebra (see 3], 6] and 12] for more details). Note also that noncommutative analogues of some aspects of the representation theory of the symmetric group (also related with free Lie algebras) were obtained (cf. 8]).
More recently, quantum interpretations of noncommutative symmetric functions and quasi-symmetric functions were even obtained. Indeed it appears that the algebra of noncommutative symmetric functions (resp. of quasi-symmetric functions) is isomorphic to the Grothendieck ring of nitely generated projective (resp. nitely generated) modules over 0-Hecke algebras. Working with the quantum dual point of view, noncommutative ribbon Schur functions and quasi-ribbon functions can be in particular considered as cocharacters of irreducible and projective comodules over the crystal limit of Dipper and Donkin's version 1] of the quantum linear group (cf. 7] for more details).
In this paper, we present a new aspect of noncommutative symmetric functions. We show how to endow Sym with a natural structure of cochain complex which strongly relies on the combinatorics of ribbons. It is interesting to observe that our construction is purely noncommutative: it is not possible to de ne di erentials on ordinary commutative symmetric functions by taking the commutative images of the di erentials constructed in this paper. We must however put the stress on the fact that we do not have at this moment any intrinsic interpretation of our complex. According to all the contexts were noncommutative symmetric functions play a role, this complex should certainly have some natural interpretation in the context of Lie algebras or of quantum linear groups. We let as an open problem to the reader to nd such an interpretation. The paper is organized as follows. In Section 2, we brie y present noncommutative symmetric functions (the reader is referred to 4], 6], 2] or 7] for more details on this subject). Section 3 is devoted to the construction of the cochain and chain complexes that are studied in the paper. In Section 4, we give explicit expressions for the images of the corresponding di erentials using di erent classical bases of Sym. Finally Section 5 is devoted to the proof of our main result, i.e. the acyclicity of the complexes considered.
Noncommutative symmetric functions
The algebra of noncommutative symmetric functions is the free associative algebra Sym = Q<S 1 ; S 2 ; : : :> generated by an in nite sequence of noncommutative indeterminates S k , called complete functions. For convenience, we set S 0 = 1. Let t be another variable commuting with all the S k . Introducing the generating series ( The commutative image of a noncommutative symmetric function F is the (commutative) symmetric function f obtained by applying to F the algebra morphism which maps S n onto h n , using here the notation of Macdonald 9] . The commutative image of n is then e n . On the other hand, n and n are both mapped to p n . Finally R I is sent to an ordinary ribbon Schur function, which is usually denoted by r I .
There is also a strong connection between noncommutative symmetric functions and the descent algebra of the symmetric group. This is the subalgebra of Q S n ], the group algebra of S n , de ned as follows. Let us rst recall that an integer i 2 1; n ? 1] is said to be a descent of a permutation 2 S n i (i) > (i+1). The descent set of a permutation 2 S n is the subset of 1; n ? 1] that consists of all descents of . If I = (i 1 ; : : :; i r ) is a composition of n, we associate with it the subset A(I) = f d 1 ; : : : ; d r?1 g of 1; n] de ned by d k = i 1 +: : :+i k for every k. We set D I to be the sum in Q S n ] of all permutations with descent set A(I). Solomon 13] has shown that the D I form a linear basis of a subalgebra of Q S n ] which is called the descent algebra of S n and denoted by n . An isomorphism of graded vector spaces
Sym n is obtained by setting (D I ) = R I for every composition I. The direct sum can be endowed with an algebra structure by setting xy = 0 for every x 2 p and y 2 q whenever p 6 = q. The internal product, denoted , on Sym is de ned by requiring that be an anti-isomorphism, i.e. by setting
for every noncommutative symmetric functions F and G. The following proposition shows that endows Sym with a structure of cochain complex. Proposition 3.2 The family R = (Sym n ; n ) n 0 is a cochain complex.
Proof | We have to check that 2 = 0. To provide a simple proof of this result, we shall now introduce a graphic notation. We use the notation to denote a generic ribbon diagram encoding a noncommutative ribbon Schur function. We also denote by the sum of the two ways of gluing the second ribbon diagram at the end of the rst one. Thus this notation encodes the product of two nontrivial ribbon Schur functions. Observe that when one of the ribbon diagrams is empty, both ways of gluing one diagram at the end of the other give the same result. Hence we have 
First properties
The following proposition gives a compatibility of with the multiplication of noncommutative ribbon Schur functions. 
Proof | The formula can easily be proved using the graphical formalism introduced in the proof of Proposition 3.2. Using (1), we obtain for every compositions I and J : We shall now give some basic symmetry properties of . Let us rst introduce some notation concerning compositions. If I = (i 1 ; : : :; i r ) is a composition, I denotes the mirror image of I, i.e. the composition (i r ; : : :; i 1 ). We also denote by I the composition whose ribbon diagram is the conjugate diagram of the diagram of I. The composition I = (2; 1; 3; 1) of Example 3.1 is for instance self conjugate, i.e. one has I = I = (2; 1; 3; 1) ; whereas I = (2; 1; 2) when I = (1; 3; 1). The following result is easy to check. 
Moreover it is easy to see (cf. proof of Proposition 3.2) that + and ? are also di erentials. We can now summarize our results in the following proposition. 
Dual boundary operators
One can transfer by duality every cochain complex de ned on Sym into a chain complex on QSym. We can thus associate to every operator n a dual operator @ n such that the following diagram is commutative (here the arrows correspond to the natural duality between Sym and QSym (cf. Section 2)) : 
Di erentials in classical bases
In this section we give explicit expressions for the matrices of the di erential with respect to classical bases of Sym. Let us introduce some more notation. If F = (F I ) (resp. G = (G I )) is a basis of Sym n (resp. Sym n?1 ), we denote by D n (F; G) the 2 n?1 2 n?2 matrix de ned by
We also associate with every n m matrix M, the n m matrix f M de ned by f M ij = M n?i+1;m?j+1 :
It is easy to see that f M is obtained from M by a symmetry with respect to its center. Finally, when M is a n m matrix with an even number n = 2k of rows, we denote by M (1) (resp. by M (2) ) the k m submatrix of M formed by the rst (resp. last) k rows of M.
Di erentials of ribbon Schur functions
The matrices D n (R; R) give explicit expressions for the functions (R I ) in the ribbon basis of Sym. They can be recursively constructed as follows. 
Di erentials of complete functions
The -images of complete functions are given by the matrices D n (S; S). These can be recursively constructed using the following proposition in conjunction with the rst several matrices D n (S; S) given in Example 4.7. It can be easily checked that I(n) consists of all compositions of n that are greater than or equal to (in the sense of the lexicographic order) 2 k 1 when n = 2k + 1 and to 2 (k?2) Proposition 5.1 The cochain complex R = (Sym n ; n ) n 0 is acyclic.
Proof | We rst prove by induction on n that the family ( (R I )) I2I(n) is linearly independent. This is clear for n = 1 and n = 2. Let us suppose now that n 3. Observe that one has R 2 R J = R 2;J + R 2+j 1 ;J 0 for every composition J = (j 1 ) J 0 of n?2. Since 2+j 1 3, it follows from this identity and from the de nition of I(n) that the independence of the family ( (R I )) I2I(n) is equivalent to the independence of the family consisting of all (R J ), with J = (j 1 ; : : :; j r ) and j 1 
